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Bifurcation of Self-Excited Rigid Bodies
Subjected to Small Perturbation Torques
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The attitude motion of self-excited rigid bodies subjected to small perturbation torques is investigated by using
the version of the Melnikov method developed for slowly varying oscillators. For this purpose the Deprit variables
are introduced to transform the equations of motion into a form describing a slowly varying oscillator. For self-
excited rigid bodies subjected to small periodic torques, the existence of transversal intersections of heteroclinic
orbits has been found for certain parameter ranges. For self-excited rigid bodies subjected to small constant
torques, the relationship between the bifurcation (nontransverse) of heteroclinic orbits and the system parameters
is given.

Nomenclature
A; B; C = principal moments of inertia
b = cos¡1.L=G/
D = G2=2H
H = Hamiltonian of the unperturbed system
I = cos¡1.H=G/
L ; G; H = Deprit angular momenta
L = Lagrangian of the unperturbed system
l; g; h = Deprit angles
Mx ; My ; Mz = torque components in the body-� xed coordinate

system
M.t0/; M.¿0/ = Melnikov functions
m1; m2; m3 = constant torque components in the body-� xed

coordinate system
pÃ ; pµ ; pÁ = generalized angular momenta conjugate to the

Euler angles
q NG

0 .t/ = the heteroclinic orbit on the level G D NG
T1; T2; T3 = amplitude components of the periodic torque in

the body-� xed coordinate system
W s; W u = stable and unstable manifolds
¹ = friction coef� cient
¿ =

p
[2H.A ¡ D/.B ¡ C/=ABC ]t

Ã; µ; Á = Euler angles
PÃ; Pµ; PÁ = Euler angular velocities
Ä = excitation frequency
!x ; !y ; !z = angular velocity components in the body-� xed

coordinate system

Introduction

T HE attitude evolutionof a rigid body under various torqueshas
been extensively studied over the past few decades because of

its importancein aerospaceengineering.Usually,numericalsimula-
tions play an important role in understanding the attitude response
and control characteristics. On the other hand, analytical models
can be of great help in obtaining a qualitative understandingof the
complex dynamic behavior of rigid-body motion. Amongst these
analytical models, the chaotic attitude motion of satellites in the
central gravitational � eld has been studied by many researchers.
The Melnikov method was used to study chaotic and periodic plane
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motion of asymmetric satellites whose center of mass moves in a
prescribedelliptic orbit.1 Other researchers investigated the chaotic
attitude motion of axisymmetric spinning satellites and dual-spin
satellites in the gravitational� eld.2;3 Chaotic tumbling of Hyperion,
one of Saturn’s natural satellites, was studied by Wisdom et al.4 On
the other hand, the studies on the attitude motion of the self-excited
rigid bodies, that is, a rigid body subjected to a torque that has
a � xed direction in the body-�xed coordinate frame, are concen-
trated more on seeking closed-form solutions analytically. Many
classic results about the attitude motion of symmetric or asymmet-
ric self-excited rigid bodies have been summarized by Leimanis.5

Longuski6 studied the near-symmetric rigid body under constant
body-� xed torques and obtained an analytical solution for the an-
gular velocities and an approximate analytical solution for the Eu-
lerian angles. Van der Ha7 presented a perturbation solution for the
attitude motion of a self-excited rigid body with arbitrary inertia
properties under constant body-� xed torques, by taking the ratio
of a transverse rotation rate and the spin or scan rate as the small
perturbation parameter. Tsiotras and Longuski8 used the complex
variables to express the solution of the near-symmetric self-excited
rigid body in a compact form. The accuracy of the obtained solu-
tion is tested by numerical simulation of the governing equations.
Recently, Longuski and Tsiotras9;10 considered more complicated
cases in which the body-� xed torques vary with time. They derived
analyticalsolutionsfor the attitudemotionof a near-symmetricrigid
body subjected to time-varying torques in terms of certain inte-
grals and then proposed a methodology to evaluate these integrals
in closed form. However, it is very dif� cult, if not impossible, to ob-
tain analytical solutions for a self-excited rigid body with arbitrary
inertia properties. In this situation, the nonlinear dynamic system
theory may provide a tool for the understandingof the complex dy-
namic behavior for the motion of self-excited rigid bodies. It is well
known that, for a torque-free rigid body with distinct moments of
inertia, the rotationsabout the axes of maximum and minimum mo-
ments of inertia are stable (center), and the rotationabout the axis of
medium moment of inertia is unstable (saddle). When a rigid body
is subject to a small torque, the heteroclinic orbits (separatrix) that
connect the saddles are expected to break and perhaps to intersect
transversely. The existence of transversal intersections of hetero-
clinic (homoclinic) orbits implies complex dynamic behavior in the
sense of the Smale horseshoe and provide a necessary condition
for chaotic motion to occur. There is an analytical technique, the
Melnikov method,11 to detect the transversal intersections of het-
eroclinic (homoclinic) orbits and chaotic motion in nonlinear dy-
namic systems, using ideas that go back to Poincaré.12 This method
has been studied extensivelyand applied to the study of the chaotic
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motion in physicalsystems (see, e.g., Refs. 13 and 14 and references
therein). For a rigid body subject to small conservative torques,
the Melnikov method was extended by Holmes and Marsden15 for
systems with topologicallynontrivial phase space. Their version of
the Melnikov method was applied to investigate the chaotic mo-
tions of a rigid body attached with a � ywheel16 and an asymmetric
gyrostat in the gravitational� eld.17 Recently,Grayet al.18;19 used the
Melnikov method to detect the chaotic saddles of damped satellites
subject to small perturbationsdue to time-periodic subbody motion
in an attitude transition maneuver. In their studies, the spherical co-
ordinateswere used to transformthe equationsof motion into a form
suitable for the application of the Melnikov method, and analytical
criteria for chaotic motion to occur were derived in terms of the
system parameters.

We employ the Melnikov method to investigate the nonlinear at-
titude motion of asymmetric self-excited rigid bodies subjected to
small perturbation torques in a viscous medium. We � rst introduce
the Deprit canonical variables to transform the equations of motion
into a form describing a slowly varying oscillator. Then the ver-
sion of the Melnikov method developed for analyzing the slowly
varying oscillator is used to predict the transversal intersectionsof
stable and unstable manifolds for the perturbed self-excited rigid
body subjected to small periodic torques. It is shown that there exist
transversal intersectionsof heteroclinicorbits for certain parameter
ranges. Thus the motion of self-excited rigid bodies subjected to
small periodic torques could become quite complex and may give
rise to chaotic motions. On the other hand, the Melnikov method
also is used to analyze the attitude motion of self-excited rigid bod-
ies subjected to small constant torques. In this case the relationship
between the bifurcation of heteroclinic orbits (nontransverse) and
the parameters of the system is obtained. The type of problems we
consider is not only of theoretic interest but also of practical impor-
tance in satellite design to avoid the occurrence of chaotic motion.
For instance, the criterion we obtained would be of great help in
designing spinning satellites, where the torques are generated with
a � xed direction inside the body as a result of a thruster � ring.

Equations of Motion in Terms of Deprit’s
Canonical Variables

For a rigid body rotating about a � xed point, the Euler equations
of motion are

A P!x ¡ .B ¡ C/!y!z D Mx (1)

B P!y ¡ .C ¡ A/!z!x D My (2)

C P!z ¡ .A ¡ B/!x !y D Mz (3)

Generally, the acting torque M is a function of the angular velocity
! and the angular positions of the body-� xed coordinate system
with respect to the inertialcoordinatesystem.Thus, for the complete
determinationof the motion, three additionalequationsare required.
Using the Euler angles .Ã; µ; Á/, we can write these equations as

PÃ D !x sin Á C !y cos Á

sin µ
(4)

Pµ D !x cos Á ¡ !y sin Á (5)

PÁ D !z ¡ .!x sin Á C !y cos Á/ cos µ

sin µ
(6)

The generalizedangularmomenta conjugate to the Euler angular
velocities PÃ , Pµ , and PÁ are

pÃ D @L
@ PÃ

D .A!x sin Á C B!y cos Á/ sin µ C C!z cos µ (7)

pµ D @L
@ Pµ

D A!x cos Á ¡ B!y sin Á (8)

pÁ D @L
@ PÁ

D C!z (9)

Fig. 1 Euler angles (Ã; µ; Á) and the Deprit variables (L; G; H; l; g; h).

where L D .A!2
x C B!2

y CC!2
z /=2 is the Lagrangianof the system.

Following Deprit,20 we introduce the following canonical transfor-
mation:

.pÃ ; pµ ; pÁ; Ã; µ; Á/ ! .L; G; H; l; g; h/ (10)

where

pÃ D H (11)

pµ D G sin b sin .l ¡ Á/ (12)

pÁ D L (13)

and thoseanglesare relatedthroughthe followingidentitiesof spher-
ical trigonometryapplied to the spherical trianglePNM (see Fig. 1):

cos I D cos b cos µ C sinb sin µ cos .Á ¡ l/ (14)

cosµ D cos I cos b ¡ sin I sin b cos g (15)

sin µ cos.Á ¡ l/ D cos I sin b C sin I cos b cos g (16)

sinµ sin .Á ¡ l/ D sin I sin g (17)

Substituting Eqs. (11–17) into Eqs. (7–9), we can express the
angular velocity vector ! in terms of the Deprit variables as

A!x D G sin b sin l (18)

B!y D G sin b cos l (19)

C!z D L (20)

where cos b D L=G .
Substitution of Eqs. (18–20) into Eqs. (1–3) yields

PG sin b sin l C PbG cos b sin l C PlG sin b cos l

¡ [.B ¡ C /=BC ]G L sin b cos l D Mx (21)

PG sin b cos l C PbG cosb cos l ¡ PlG sinb sin l

¡ [.C ¡ A/=C A]GL sin b sin l D My (22)

PL ¡ [.A ¡ B/=.AB/]G2 sin2 b sin l cos l D Mz (23)

Simplifying these equations, we � nd

Pl D
³

1
C

¡ sin2 l

A
¡ cos2 l

B

´
L C

Mx cos l ¡ My sin l

G sin b
(24)
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PL D [.1=B/ ¡ .1=A/].G2 ¡ L2/ sin l cos l C Mz (25)

PG D Mz cos b C .Mx sin l C My cos l/ sin b (26)

For the case of torque-free motion, i.e., M D 0, it can be seen
from Eq. (26) that the variable G is a constant. The Hamiltonian of
the system

H D
1

2

¡
A!2

x C B!2
y C C!2

z

¢

D
1

2

³
sin2 l

A
C

cos2 l

B

´
.G2 ¡ L2/ C

L2

C
(27)

is also a constant. In this case, Eqs. (24) and (25) reduce to

Pl D @H
@L

D
³

1
C

¡ sin2 l

A
¡ cos2 l

B

´
L (28)

PL D ¡ @H
@l

D
³

1
B

¡ 1
A

´
.G2 ¡ L2/ sin l cos l (29)

There exist three equilibrium motions for the torque-free motion
in which the rigid body rotates about the three principal axes of
moments of inertia, that is,

E1 : l D 0; ¼ I L D 0 (30)

E2 : l D ¼=2; 3¼=2I L D 0 (31)

E3 : jLj D GI l: arbitrary (32)

The torque-free motion of rigid bodies is one of the few rigid-
body problems for which analytical solutionshave been found (see,
e.g., Ref. 21). Using the Deprit variables, the problem of torque-
free motion can be solved more easily than with the conventional
manner using the componentsof the angular velocityvectoras basic
variables (for details, see Ref. 22). The phase plane of the torque-
free motion is constructed in Fig. 2. Without loss of generality, we
assume A > B > C in the following discussions. The equilibrium
motion E2 is a center, surrounded by a family of periodic solutions
(G2=2A < H < G2=2B):

L

G
D §

r
C.A ¡ D/

D.A ¡ C/
cn ¿ (33)

tan l D ¨
r

A.B ¡ C /

B.A ¡ C/
C

A.B ¡ D/

B.A ¡ D/

dn ¿

sn ¿
(34)

Fig. 2 Phase plane L/G vs l.

with limits on a pair of heteroclinic orbits q§
0 .¿ / connecting the

unstable equilibrium points E1. The solutions for the heteroclinic
orbits q§

0 .¿ / are

L

G
D §

r
C.A ¡ B/

B.A ¡ C/

1

cosh ¿
(35)

tan l D ¨
r

A.B ¡ C/

B.A ¡ C /

1

sinh¿
(36)

with the Hamiltonian H D G2=2B. Outside the heteroclinic or-
bits, there is another family of periodic solutions (G2=2C > H >
G2=2B)

L

G
D §

r
C.A ¡ D/

D.A ¡ C/
dn ¿ (37)

tan l D ¨
r

A.B ¡ C /

B.A ¡ C/

cn ¿

sn ¿
(38)

where

¿ D

r
2H.A ¡ D/.B ¡ C/

ABC
t; D D

G2

2H
(39)

and sn ¿ , cn ¿ , and dn ¿ are the Jacobian elliptic functions.

Reduction of Systems to Slowly Varying Oscillators
Because the acting torques do not depend on the orientationsof a

self-excited rigid body with respect to the inertial coordinateframe,
Eqs. (24–26) are independentof the threekinematic equations(4–6)
and the angular velocities can be determined through Eqs. (24–26)
alone. The perturbation torque may take the form

M D ²

2

4
¡¹!x C m1.t/

¡¹!y C m2.t/

¡¹!z C m3.t/

3

5 (40)

where 0 < ² ¿ 1 and m1.t/, m2.t/, m3.t/ are either constants or
prescribed functions of time.

Substituting Eq. (40) into Eqs. (24–26), we obtain

Pl D
³

1
C

¡
sin2 l

A
¡

cos2 l

B

´
L C ²gl .l; L ; G; t/ (41)

PL D [.1=B/ ¡ .1=A/].G2 ¡ L2/ sin l cos l C ²gL .l; L ; G; t/ (42)

PG D ²gG .l; L; G; t/ (43)

where

gl D ¡¹

³
1
A

¡ 1
B

´
sin l cos l C

m1.t/ cos l ¡ m2.t/ sin l

G sin b
(44)

gL D ¡¹.L=C/ C m3.t/ (45)

gG D ¡¹

µ
L

C
cos b C G sin2 b

³
sin2 l

A
C cos2 l

B

´¶

C m3.t/ cos b C [m1.t/ sin l C m2.t/ cos l] sin b (46)

Note that in Eq. (43) the variable G varies slowly in time. This class
of system is referredto as slowly varyingoscillators,23;24 which have
a common form:

Px D f1.x; y; z/ C ²g1.x; y; z; t/ (47)

Py D f2.x; y; z/ C ²g2.x; y; z; t/ (48)

Pz D ²g3.x; y; z; t/ (49)

where 0 < ² ¿ 1. The functions f1; f2 , and gi .i D 1; 2; 3/ are
suf� cientlysmooth(C r ; r ¸ 2). TheMelnikovanalyticaltechniques
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developed by Wiggins et al.23;24 for the slowly varying oscillators
now can be employed as follows. But � rst we note that, for ² D 0,
Eqs. (47–49) reduce to a one-parameter family of planar Hamilto-
nian systems with Hamiltonian H.x; y; z/:

Px D f1.x; y; z/ D @H
@y

(50)

Py D f2.x; y; z/ D ¡ @H
@x

(51)

Pz D 0 (52)

Following the method of Wiggins and Shaw,24 we introduce the
following Melnikov integral, which is the � rst-order (in the pertur-
bation parameter² ) measure of the separationof stable and unstable
manifolds:

M.t0/ D
Z 1

¡1
rH

£
q z0

0 .t/
¤

¢ g
£
q z0

0 .t/; t C t0

¤
dt

¡ @H
@z

[° .z0/]

Z 1

¡1
g3

£
q z0

0 .t/; t C t0
¤
dt (53)

to determinethe existenceof transversalintersectionsof homoclinic
orbits. Where q z0

0 .t/ is the homoclinic orbit for the unperturbed
system (50–52) on z D z0 , and

rH D
³

@H
@x

;
@H
@y

;
@H
@z

´
(54)

while g D fg1; g2; g3gT .
For periodic perturbations (gi are periodic in time), we have the

following theorem.
Theorem 1. Suppose there exists a point Nt0 such that

1/ M.Nt0/ D 0

2/
@ M

@t0
.Nt0/ 6D 0

Then, for ² suf� ciently small, near Nt0 stable and unstable manifolds
intersect transversely.

For the perturbations that do not depend on time explicitly, the
Melnikov integral (53) is t0-independent and transversal intersec-
tions of homoclinicorbits do not occur.However, if the perturbation
depends on certain parameters of the system, we have Theorem 2.

Theorem 2. Suppose the homoclinic orbit of Eqs. (47–49) de-
pends on a parameter ¹ 2 K ½ R and such that there exists a point
¹0 2 K such that

1/ M.¹0/ D 0

2/
@M

@¹
.¹0/ 6D 0

then for ² suf� ciently small, near ¹0 there exists a bifurcationvalue
¹ at which (nontransverse) homoclinic orbits of (47–49) occur.

For details, see Refs. 23 and 24.

Small Periodic Torques
In this section, we consider the attitude motion of self-excited

rigid bodies subjected to a small periodic torque:

M D ²

2

4
¡¹!x C T1 sin Ät

¡¹!y C T0 C T2 sin Ät

¡¹!z C T3 sin Ät

3

5 (55)

where 0 < ² ¿ 1 and Ä D O.1/.
In contrast to the torque-freemotion (² D 0), the stableand unsta-

ble manifoldsin theperturbedproblem(² 6D 0)donot join smoothly.
The saddle point °0 at l D 0 is perturbed as ² becomes nonzero, but
will become a periodic orbit only under certain conditions. If the

perturbed saddle point is periodic, it can be represented by a � xed
point on the three-dimensionalPoincaré map de� ned as

P : 6 ! 6 (56)

with

6 D f.L ; l; G/ j t D tn D 2¼n=Ä; n D 0; 1; 2; : : :g (57)

Considering the perturbation on the variable G, we have

PG D ¡²[¹.G=B/ ¡ .T0 C T2 sin Ät/] C O.²2/ (58)

The averaged form of Eq. (58) is given by

PG D ¡²[¹.G=B/ ¡ T0] (59)

which has a unique � xed point

NG D BT0=¹ (60)

Thus if the above condition is satis� ed, i.e., the constant torque is
equal to the dissipative torque at l D 0, then the perturbed saddle
pointbecomesa periodicorbit.The corresponding� xed point on the
PoincarKe map is °² . NG; ²/ D °0. NG/CO.²/. When ² D 0, °0 has one
stable, one unstable, and one neutral (G ) direction. For 0 < ² ¿ 1,
the stable and unstable directions for the � xed point °² maintain
their stability types whereas the neutral direction becomes stable
because

d

dG

µ
¡ ²

³
¹

G

B
¡ T0

´¶
D ¡²

¹

B
< 0 (61)

Thus we have

dim
£
W s.°² /

¤
D 2; dim

£
W u.°² /

¤
D 1 (62)

The existence of transversal intersectionsof these stable and un-
stable manifolds associated with the PoincarKe map of the perturbed
rigid-body motion now can be determined by computing Melnikov
integral (53). SubstitutingEqs. (27), (44–46), and (54) into Eq. (53)
yields

M.t0/ D
Z 1

¡1

µ
¡¹L2

³
1
C

¡ 1
B

´³
1
C

¡ 1
A

´

¡ T1

³
1
B

¡ 1
A

´
NG sin b sin l sin Ä.t C t0/

C T3

³
1
C

¡ 1
B

´
L sin Ä.t C t0/

¶¡
q NG

0 .t/
¢

dt (63)

Substituting the solution for the heteroclinic orbits (35) and (36)
into Eq. (63) and evaluating the integral by the method of residuals
yields

M.¿0/ D ¡2T0

r
.A ¡ B/.B ¡ C/

AC
¡ T1

r
C.A ¡ B/

B.A ¡ C /

£ ¼ sin NÄ¿0

cosh.¼ NÄ=2/
C T3

r
A.B ¡ C/

B.A ¡ C/

¼ sin NÄ¿0

cosh.¼ NÄ=2/
(64)

where

NÄ D Äp
2H.A ¡ B/.B ¡ C/=ABC

(65)

It can be veri� ed that if

¡ 1 · 2T0

p
B.A ¡ B/.B ¡ C/.A ¡ C/ cosh.¼ NÄ=2/

¼
p

AC
£
T3

p
A.B ¡ C/ ¡ T1

p
C.A ¡ B/

¤ · 1 (66)

then there is a N¿0 such that

M. N¿0/ D 0 and
@ M

@¿0
. N¿0/ 6D 0 (67)
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Fig. 3 Bifurcation curves for a homogeneous ellipsoid subjected to a
small periodic torque.

Therefore,there exist transversalintersectionsof stableand unstable
manifolds for the perturbed self-excited rigid body.

Let us now consider two special cases. In case 1, the external
torque has no components in the ez direction, i.e., T3 D 0. In this
case, the condition for which the transversal intersections of hete-
roclinic orbits occur is

T1

T0

¸ 2

r
B.B ¡ C/.A ¡ C /

AC 2

cosh.¼ NÄ=2/

¼
(68)

On the other hand, in case 2, in which there are no external torque
components in the ex direction, i.e., T1 D 0, the condition becomes

T3

T0
¸ 2

r
B.A ¡ B/.A ¡ C/

A2C

cosh.¼ NÄ=2/

¼
(69)

Figure 3 shows the bifurcationcurves (Ti=T0 vs Ä= NÄ, i D 1 or 3)
de� ned by Eqs. (68) and (69) for a homogeneous ellipsoid of unit
density, whose three semiaxes are a D 1, b D 2, and c D 3. The
corresponding principal moments of inertia are A D 20:8¼ , B D
16¼ , and C D 8¼ .

Small Constant Torques
In this section, we consider the attitude motion of self-excited

rigid bodies subjected to a small constant torque

M D ²

2

4
¡¹!x C m1

¡¹!y C m2

¡¹!z C m3

3

5 (70)

where 0 < ² ¿ 1 and m1, m2 , m3 are constants.
Unlike the periodic case, where the external torque depends on

time explicitly, the present system is autonomous and the transver-
sal intersectionsof heteroclinicorbits due to the perturbationtorque
cannotbe found. However, because the perturbationtorque depends
on the parameters ¹ and m i .i D 1; 2; 3/, we can use the Melnikov
method to � nd the bifurcation of heteroclinic orbits for this au-
tonomous system and its relationshipswith these parameters. Sub-
stituting Eqs. (27), (44–46), and (54) into (53), we obtain

M.¹/ D
Z 1

¡1

µ
¡ ¹L2

³
1
C

¡ 1
B

´³
1
C

¡ 1
A

´
¡ m1

NG

£
³

1
B

¡ 1
A

´
sin b sin l C m3 L

³
1
C

¡ 1
B

´¶¡
q NG

0 .t/
¢

dt

(71)

where NG D Bm2=¹.

Substituting the solution for the heteroclinic orbits (35) and (36)
into Eq. (71), upon integration, we obtain the following Melnikov
function:

M.m2/ D ¡2m2

r
.A ¡ B/.B ¡ C/

AC
¡ m1¼

r
C.A ¡ B/

B.A ¡ C/

C m3¼

r
A.B ¡ C/

B.A ¡ C/
(72)

It can be veri� ed that if

m20 D ¡
m1¼

2

r
AC 2

B.A ¡ C/.B ¡ C /
C

m3¼

2

r
A2C

B.A ¡ B/.A ¡ C/

(73)

then

M
¡
m20

¢
D 0 and

@ M

@m2

¡
m20

¢
6D 0 (74)

Therefore, near m20 the bifurcation (nontransverse) of heteroclinic
orbits of the system occurs.

Conclusions
The analog between the motions of self-excited rigid bodies and

slowly varyingoscillatorsis revealedby applyingthe Deprit canoni-
cal variables.Thus the nonlinearattitudemotionof self-excitedrigid
bodies under small perturbation torques can be analyzed by using
the Melnikov method developed for slowly varying oscillators.For
self-excitedrigid bodies subjected to small periodictorques,we � nd
the parameterranges forwhich there exist transverseintersectionsof
stable and unstable manifolds for the perturbed rigid-body motion.
For self-excitedrigid bodies subjected to small constant torques,we
� nd the conditionunder which the bifurcationof heteroclinicorbits
occurs.
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